Abstract. We present a new and useful congruence identity satisfied by m-permutable varieties.
It has been proved in [L1] that every m-permutable variety satisfies a non-trivial lattice identity (depending only on m). In [L2] we have found another interesting identity:
Theorem 1. For m ≥ 3, every m-permutable variety satisfies the congruence identity αβ h = αγ h , for h = m[
Here, [ ] denotes integer part, and β h , γ h are defined as usual:
The proof of Theorem 1 consists of two steps. As for the second step, it is an easy application of commutator theory, but in the present note we shall be concerned only with the first step.
The first step is a commutator-free proof of the following Theorem 2. If every subalgebra of A 2 is m-permutable then A satisfies (X m ). More generally:
(i) If every congruence of A, thought of as a subalgebra of A 2 , is m-permutable then A satisfies (X m ).
(ii) If every subalgebra of A 2 generated by m + 1 elements is mpermutable then A satisfies (X m ); actually, A satisfies the stronger version of (X m ) in which α is only supposed to be a compatible relation on A, and δ is any relation on A.
In the statement of Theorem 2 we have used:
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Definition 3. If α, β, γ, δ are congruences on some algebra, and m is a natural number, we shall denote by (X m ) the following identity.
with exactly m open brackets (and exactly m closed brackets) on each side, and where
Thus, (a 0 , b 0 ) belongs to the left-hand side of (X m ) if and only if there are further elements a 1 , a 2 , . . . , a m and b 1 , b 2 , . . . , b m such that
The conditions asserting that (a 0 , b 0 ) belongs to the right-hand side of (X m ) are similar, with β and γ interchanged. See [L2] for more comments about Definition 3, and for a picture. Our original proof of Theorem 1 used Hagemann and Mitschke's terms [HM] and in the first step we only got the following weaker version of Theorem 2:
Theorem 4. Every m-permutable variety satisfies (X m ).
Then we found a simpler proof of the stronger Theorem 2. However, our original argument using Hagemann and Mitschke's terms provides the following variant, which does not follow from Theorem 2, and which we prove here in the hope for further applications. There is even a more general version which we do not state here.
Proposition 5. Every algebra A belonging to an m-permutable variety satisfies
for every relations R 0 , . . . , R m , and reflexive relations S 1 , . . . , S m , T 1 , . . . , T m on A, where
and X denotes the least compatible relation containing X.
Here are the notations we use: α, β denote congruences on some algebra A. Join and meet in the lattice Con A of all congruences of A are denoted, respectively, by + and juxtaposition. We use juxtaposition also to denote intersection.
Relational product is denoted by •, and α • n β is a shorthand for 
Proof of Theorem 4. Let A belong to some m-permutable variety, and α, β, γ, δ ∈ Con A. Suppose that (a 0 , b 0 ) belongs to the left-hand side of (X m ). It is enough to show that (a 0 , b 0 ) belongs to the right-hand side. The reverse inclusion is obtained by symmetry.
Suppose that there are elements a 1 , a 2 , . . . , a m and b 1 , b 2 , . . . , b m as in the comment after Definition 3. We want to obtain elements c 1 , c 2 , . . . , c m and d 1 , d 2 , . . . , d m witnessing that (a 0 , b 0 ) belongs to the right-hand side.
We apply the usual arguments showing that the terms from Theorem 6 imply m-permutability: we apply the terms t 0 , . . . , t m symmetrically to the a i 's and the b i 's, thus getting everything congruent modulo α.
Namely, we claim that the elements Indeed, By Conditions (i) and (ii) in Theorem 6, and since a 1 γa 2 , we have that a 0 = t 0 (a 0 , a 0 , a 1 ) = t 1 (a 0 , a 1 , a 1 )γt 1 (a 0 , a 1 , a 2 Now, let 1 ≤ i ≤ m − 2 and, say, i odd. By Condition (ii) in Theorem 6, and since a i−1 βa i , and a i+1 βa i+2 , we get
In the case i even we get c i γc i+1 and d i γd i+1 in the same way.
In conclusion, we have showed that the elements c i , d i satisfy the desired relations.
Proof of Proposition 5. The argument is essentially the same as above. Suppose that (a 0 , b 0 ) belongs to the left-hand side of the inclusion in Proposition 5. This is witnessed by elements a 1 , a 2 , . . . , a m and
We are going to show that the elements 
Moreover, a 0 R 0 B 0 , and
By Conditions (i) and (ii) in Theorem 6, and since S is reflexive and a 1 S 2 a 2 , we have that a 0 = t 0 (a 0 , a 0 , a 1 ) = t 1 (a 0 , a 1 , a 1 )S 2 t 1 (a 0 , a 1 , a 2 
By Condition (ii) in Theorem 6, and since a i−1 S i a i , and a i+1 S i+2 a i+2 , we get
Notice that Theorem 4 is the particular case
Our proof of Theorem 1 gives something more. Consider the following property (X m ) * which is weaker than (X m ). 
for every algebra A ∈ V, every congruence α ∈ Con A and elements aαb ∈ A. Then V satisfies αβ h = αγ h , for h = k + m − 1.
We have a long technical proof showing that if a variety satisfies (X m ) * then for some n and k the commutator [α, β|n] satisfies conditions (i) and (ii) in Theorem 7. Thus we get: If a variety V satisfies (X m ) * for some m then there is some h (depending on V) such that V satisfies αβ h = αγ h .
Is the converse true?
Problem 8. Is it true that if V satisfies αβ h = αγ h for some h then V satisfies (X m ) * for some m?
Notice that (X m ) * is equivalent to
with exactly m open brackets on each side, and where β • = β, γ • = γ if m is odd, and β • = γ, γ • = β if m is even. Notice that (X m ) implies (Y m−1 ): just take δ = 0. In fact, in our proof of Theorem 1 it is enough to assume (Y m−1 ) in place of (X m ).
We can also consider (Y m ) * 
Notice that (X m ) * implies (Y m−1 ) * .
